The spin-1/2 Ising-Heisenberg tetrahedral chain is exactly solved using its local gauge symmetry (the total spin of the Heisenberg bonds is locally conserved) and the transfer-matrix approach. Exact results derived for spin-spin correlation functions are employed to obtain the frustration temperature. In addition, we have exactly calculated a concurrence quantifying thermal entanglement. It is shown that the frustration and threshold temperature coincide at sufficiently low temperatures, while they exhibit a very different behavior in the high-temperature region when tending towards completely different asymptotic limits. The threshold temperature additionally shows a notable reentrant behavior when it extends over a narrow temperature region above the classical ground state without any quantum correlations.
Introduction
The term frustration was first introduced into magnetism by Toulouse [1] . According to the original concept, the frustration is basically a topological property and refers to a negative sign of the product of coupling constants implying an incapability of spins to satisfy all pair spin-spin interactions between them. One of the simplest frustrated spin systems is the Ising model on a triangular lattice with the unique antiferromagnetic nearestneighbor coupling [2] . For many years, frustrated spin * O. R. thanks FAPEMIG and CNPq for financial support, and Faculty of Science of P. J.Šafárik University in Košice -Slovakia for the afforded hospitality. systems have been widely studied mainly in connection with their unconventional low-temperature behavior and reentrant phase transitions (see Refs. [3, 4] and references cited therein). An alternative definition of the spin frustration was introduced by dos Santos and Lyra, which have proposed a negative sign of the product of pair correlation functions as another useful hallmark of the spin frustration [5] . This latter definition has an advantage in that it provides plausible criterion whether or not the spin system is frustrated at finite (non-zero) temperature as well.
Recently, quantum spin chains have attracted a lot of attention as they provide an useful playground for the investigation of thermal entanglement and moreover, they represent promising candidates for the quantum information processing [6, 7] . It is worth noticing that the entanglement is one of the most exciting properties of quantum systems, which does not have any classical analog and is most clearly manifested at zero temperature. However, thermal fluctuations gradually destroy the quantum entanglement, which may finally completely disappear above a certain temperature called as the threshold temperature [8, 9, 10, 11, 12] .
A theoretical investigation of the Heisenberg model on a two-leg ladder is motivated not only from the theoretical point of view, but also from the experimental viewpoint [13, 14] . Unfortunately, the frustrated Heisenberg model on a two-leg ladder cannot be rigorously solved quite generally and there exist only few exact results for some special cases, such as the Heisenberg tetrahedral chain [15, 16, 17, 18] or the Heisenberg ladder with the first-and second-neighbor interaction exhibiting an exact dimer ground state [19] . Owing to this fact, different powerful analytical and numerical approaches have been employed in order to examine the magnetic behavior of the frustrated Heisenberg two-leg ladder (see Refs. [20, 21, 22, 23, 24, 25] and references therein). On the other hand, the ground state of frustrated IsingHeisenberg ladder can be rigorously attained from a precise mapping correspondence with the quantum Ising chain of composite spins and this model still displays typical quantum features including remarkable quantum phase transitions as discussed in detail by Verkholyak and Strečka [26, 27] . Other similar exact studies of the ground state have been performed for the slightly different IsingHeisenberg chains made up of corner sharing doubletetrahedra [28, 29] . Recently, the magneto-caloric properties of the Ising two-leg ladder was discussed within the framework of the transfer-matrix approach [30] . Another interesting quantum spin model represents the Heisenberg tetrahedral chain developed by Niggemann et al. [31] , whose ground state and thermodynamic properties can be obtained from the local gauge symmetry revealing the hidden Ising symmetry. In the present work, we will exactly treat the analogous Ising-Heisenberg tetrahedral chain with the aim to examine thermal properties (partition function, free energy, specific heat and correlation functions) in addition to the ground state.
The outline of this Letter is as follows. The tetrahedral Ising-Heisenberg chain is introduced in Sec. 2 together with its ground-state phase diagram. In Sec. 3 we present basic steps of the calculation procedure suitable for evaluating finite-temperature properties such as the correlation functions, the frustration temperature, the threshold temperature for bipartite entanglement, as well as, the zerofield specific heat. Finally, we will draw our conclusions and summarize the most important findings in Sec. 4.
The Ising-Heisenberg tetrahedral chain
Motivated by the comments given in the introduction, let us consider the spin-1 2 Ising-Heisenberg chain of edgesharing tetrahedra as schematically illustrated in Fig. 1(a) . For easy reference, the investigated spin system will be hereafter referred to as the Ising-Heisenberg tetrahedral chain and it may be alternatively viewed as the particular case of the Ising-Heisenberg two-leg ladder [26, 27] with a Heisenberg intra-rung interaction and a unique Ising interaction along the legs and diagonals, respectively (see Fig. 1(b) ). The Hamiltonian of the spin- 1 2 Ising-Heisenberg tetrahedral chain is given bŷ
2 Pauli operator at a site labeled by suffix i and a (b), respectively (see Fig. 1 ). Note furthermore that the interaction terms J x and J z determine the spatially anisotropic XXZ Heisenberg coupling, whereas the interaction term J 1 represents the Ising coupling.
To proceed further with calculations, let us introduce three spatial components of the total spin angular momentumŜ 
It is quite obvious from Eqs. (2) and (3) that the Heisenberg interaction can be rewritten with the help of total spin angular momentumŜ 
Up to unimportant constant termĤ 0 , the Hamiltonian (1) of the spin-1 2 Ising-Heisenberg tetrahedral chain can be rigorously mapped to the Hamiltonian (4) of the classical chain of composite Ising spins, since the quantum spin number for the total angular momentum is either S i = 0 or 1. It is noteworthy that the Ising interaction J 1 directly determines the effective nearest-neighbor interaction in the equivalent classical chain of composite Ising spins, while the spatial anisotropy in the XXZ Heisenberg interaction determines the effective single-ion anisotropy
acting on the composite spins. It should be emphasized, moreover, that the relevant gauge transformation directly brings the effective Hamiltonian (4) into a diagonal form. Hence, one easily obtains also a diagonal form for the Hamiltonian of the spin-1 2 Ising-Heisenberg tetrahedral chain
It is worthwhile to remark that the transformation between the quantum tetrahedral spin chain and the classical chain of composite spins is only possible because the total spin of the Heisenberg bonds is locally conserved quantity for the Hamiltonian (1) whenever the Ising interactions along the legs and diagonals are identical. If both the Ising interactions would be different, the total spin of the Heisenberg bonds does not represent the locally conserved quantity and this would consequently prevent a rigorous mapping onto the classical chain of composite spins even though the investigated spin system could still be mapped onto the quantum Ising chain of composite spins [26, 27] . However, the latter quantum chain of composite spins can exactly be treated only at zero temperature unlike the former classical chain of composite spins (see Sec. 3). It should be also noted here that the Heisenberg tetrahedral chain under the local gauge symmetry has been studied by Niggeman et al. [31] when combining the fragmentation approach with numerical calculations, while the relevant high-temperature expansion has been developed in Ref. [23] .
Ground-state phase diagram
The diagonalized form of the Hamiltonian (5) can be straightforwardly used in order to obtain all possible ground states of the spin-1 2 Ising-Heisenberg tetrahedral chain. The Hamiltonian (5) implies an existence of four different ground states, namely, the ferromagnetic state (FM), the superantiferromagnetic state (SA), the tripletdimer state (TD), and the singlet-dimer state (SD), which are unambiguously given by the following eigenvectors
In above, the upper ± sign applies for σ 
By making use of the eigenenergies (10) we have constructed the zero-temperature phase diagram, which is displayed in Fig. 2 in the J x /|J 1 | − J z /|J 1 | plane. The disordered SD state with singlet dimers placed on all Heisenberg bonds becomes the ground state whenever J x < 0 and
On the other hand, the similar disordered TD state is being the respective ground state if J x > 0 and J z < J x − 2|J 1 |. The most fundamental difference between TD and SD states lies in the symmetric versus antisymmetric quantum superposition of two antiferromagnetic states as evidenced by the eigenvectors (8) and (9), respectively. Note furthermore that TD and SD ground states are of a purely quantum nature, whereas they become the relevant ground states only if the intra-rung Heisenberg interaction is sufficiently strong. Finally, the less interesting classical FM (SA) state without any quantum correlations constitutes the ground state for
Thermodynamics
In this part, let us calculate finite-temperature properties of the spin-1 2 Ising-Heisenberg tetrahedral chain. To gain the partition function, it is quite convenient to adopt a trace invariance and to calculate the partition function using the diagonalized form of the Hamiltonian (5)
Here, β = 1/(k B T ), k B is being the Boltzmann's constant and T is the absolute temperature. Let us first rewrite the diagonalized form of the Hamiltonian (5) into the following compact form
with the Hamiltonian H i defined as
Then, the partition function can be partially factorized if substituting Eq. (12) into (11) (14) and the latter expression behind the product symbol can be subsequently identified as the usual transfer matrix
with x = e βJ x /4 , y = e βJ z /4 , and z = e βJ 1 . Hence, it follows that the partition function can be evaluated by the standard transfer-matrix approach [32] . Moreover, the eigenvalue problem for the transfer matrix (15) can easily be solved from the secular determinant, which leads to the following quartic equation
After a straightforward calculation one finds all four transfer-matrix eigenvalues
whereas the largest eigenvalue is λ 0 by inspection. In the thermodynamic limit, the free energy per unit cell is simply given by the largest eigenvalue of the transfer matrix
It is worth mentioning that the first constant term of the free energy was obtained during the local gauge transformation and this term is irrelevant for most thermodynamic quantities. After a straightforward but a little bit cumbersome manipulation, one may derive the following final formula for the free energy per unit cell
where the coefficient Q is defined as follows
Correlation functions
Now, let us calculate a few pair correlation functions, which might be helpful in characterizing the magnetic behavior at finite temperatures. The short-range correlation functions can in turn be calculated by differentiating the free energy (20) with respect to the relevant coupling constant. For instance, both spatial components of the correlation function between two spins coupled by the Heisenberg interaction can be obtained by differentiating the free energy (20) 
Due to the locally conserved character of the total spin of the Heisenberg bonds, the longitudinal pair correlation functions between the nearest-neighbor spins interacting via the Ising interaction must be equal to each other. Thus, the differentiation of the free energy (20) Let us analyze in detail typical temperature dependences of all calculated pair correlation functions for the most interesting particular case with the antiferromagnetic Ising and Heisenberg interactions. For illustration, the correlation functions are plotted in Fig. 3 against temperature for the isotropic Heisenberg interaction and two different values of the interaction ratio J z /|J 1 | = −0.9 and −1.1, respectively. Two selected values of the interaction ratio J z /|J 1 | has been chosen so as to achieve two different ground states. As a matter of fact, the zero-temperature limits of the displayed correlation functions are consistent with a presence of the classical SA ground state in the former case with J z /|J 1 | = −0.9, while the existence of the more striking quantum SD ground state is evident in the latter case with J z /|J 1 | = −1.1. It is quite obvious from Fig. 3(a) that thermal fluctuations may induce quantum correlations above the classical SA ground state if the interaction ratio J z /|J 1 | is selected sufficiently close to the ground-state boundary with the SD state. It actually turns out that the transverse pair correlation function σ z a,i+1 remain negative for arbitrary temperature whenever the SD state constitutes the ground state. This result is taken to mean that the frustration persists for all temperatures if the SD state constitutes the ground state.
Thermal entanglement
Another interesting aspect of the spin-1 2 IsingHeisenberg tetrahedral chain surely represents a study of thermal entanglement with regard to its unusual quantum ground states. For this purpose, one may take advantage of the quantity referred to as the concurrence [33, 34] , which may serve as a measure of the bipartite entanglement. The concurrence is defined in terms of the reduced density matrix ρ
where λ max is the largest eigenvalue of the matrix R = ρσ y ⊗σ y ρ * σy ⊗σ y .
Here, ρ * is the complex conjugate of the reduced density matrix ρ andσ y is being the relevant Pauli matrix. It is quite well established that matrix elements of the reduced density operator can be expressed through the correlation functions [34, 35] and hence, the concurrence can be directly calculated from the correlation functions as evidenced by Amico and co-workers [34] . In our case, the concurrence quantifying the bipartite entanglement between two spins coupled by the Heisenberg interaction then follows from the relation
which just involves two pair correlation functions given by Eqs. (22) and (23). It is noteworthy that an equivalent result could be obtained by employing the approach developed in Ref.
[36]. The concurrence is plotted against temperature in Fig. 4(a) . Accordingly, the concurrence shows a striking reentrant behavior when it becomes non-zero at a lower threshold temperature and disappears at an upper threshold temperature k B T t /|J 1 | ≈ 0.4, whereas the lower threshold temperature gradually tends towards zero as the interaction ratio approaches the boundary value J towards completely different asymptotic limits. It is quite interesting to notice, moreover, that the thermally entangled region above the quantum SD ground state as well as the more peculiar thermally entangled region above the classical SA ground state fall into the frustrated region. Hence, it could be concluded that the spin frustration seems to be an essential ingredient, which is needed in order to produce the thermal entanglement in the antiferromagnetic Ising-Heisenberg tetrahedral chain. It is worthy to mention, moreover, that the relevant behavior of the ferromagnetic Ising-Heisenberg tetrahedral chain has no special features at least for the isotropic case with J z = J x > 0, because the ground state is then always classical and there will be neither frustration nor threshold temperature. In addition, the other particular case with J 1 > 0 and J x = −J z > 0 shows a completely analogous behavior as the investigated antiferromagnetic tetrahedral chain with J 1 < 0 and J x = J z < 0 due to the relevant symmetry of the interactions J 1 and J x (see Eq. (22)).
Specific heat
Last but not least, let us turn our attention to a discussion of typical temperature dependences of the specific heat numerically calculated from the free energy (20) with the help of thermodynamic relation C = −NT
∂T 2 . Fig. 6 (a) displays typical thermal variations of the specific heat for the isotropic antiferromagnetic Heisenberg coupling J x = J z < 0 by choosing the interaction ratio J z /|J 1 | close to and precisely at the ground-state boundary between the SA and SD ground states. Under this condition, the specific heat generally exhibits the temperature dependence with a single round Schottky-type maximum irrespective of a relative strength J z /|J 1 | between both the interaction parameters, whereas there does not appear any additional low-temperature maximum that would reflect thermal excitations between the ground state and the respective low-lying excited state (either from SA to SD state or vice versa). Contrary to this, the more diverse temperature variations of the heat capacity can be observed by considering the more general case of the anisotropic Heisenberg coupling (see Fig. 6(b) ). In addition to the standard thermal dependences of the specific heat with a single more or less symmetric round maximum, one may also detect a more pronounced doublepeak temperature dependence as the exchange anisotropy strengthens (i.e. J x /|J z | → 0). It should be pointed out that the Ising-like exchange anisotropy drives the investigated spin system close to the ground-state boundary between two quantum SD and TD ground states and thus, the additional low-temperature peak clearly reflects the low-lying thermal excitation from the SD ground state towards the excited TD state.
Conclusion
In this work, the spin-1 2 Ising-Heisenberg tetrahedral chain has been exactly solved by employing its local gauge symmetry and the transfer-matrix technique. It is worthwhile to recall that the investigated spin system can be alternatively viewed as the spin-1 2 Ising-Heisenberg two-leg ladder with equal Ising interactions along the legs and diagonals, respectively. The elaborated rigorous procedure enabled us to obtain exact results for basic thermodynamic quantities (e.g. free energy, specific heat) and several pair correlation functions, which were subsequently used for a calculation of the concurrence quantifying the thermal entanglement between two spins coupled by the Heisenberg interaction, the frustration and threshold temperature. It has been demonstrated that the frustration and threshold temperature coincide at low enough temperatures, while they tend towards completely different asymptotic limits in the high-temperature range. It actually turns out that the frustration temperature diverges as the interaction ratio J z /|J 1 | → 0, while the threshold temperature goes to infinity if J z /|J 1 | → −∞. An interesting observation is that the investigated IsingHeisenberg tetrahedral chain is thermally entangled just in the frustrated region and hence, the frustration seems to be an essential ingredient in order to produce the quantum entanglement. It is worth noticing that the threshold temperature for the pairwise entanglement exhibits a striking reentrant behavior. Therefore, it can emerge at moderate temperatures above the classical ground state without any quantum correlations. This feature unveils that the usual view point of thermal fluctuations as a mechanism through it quantum correlations are destroyed is not generally correct. In systems with an ordered classical ground state but close to a frustration point, thermal fluctuations can firstly destroy the magnetic local order, thus leaving space to the emergence of quantum entanglement at finite temperatures. Only at sufficiently high temperatures, the absence of quantum entanglement is recovered. Besides, we have also investigated in particular typical temperature variations of the specific heat, which may exhibit a thermal dependence with (without) an anomalous lowtemperature peak for a relatively strong (weak) Heisenberg interaction. Finally, it should be also mentioned that our rigorous procedure can be adapted in a rather straightforward way to account for the non-zero external magnetic field as well. Our future work will continue in this direction.
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